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Abstract. We study the “coherent phase control” between the three-photon ionization by a fundamental
laser field and the one-photon ionization by its third harmonic for a hydrogen atom in its ground state.
The relative phase δ of the harmonic field with respect to the fundamental laser radiation “modulates”
the interference between the two ionization channels, which is important near the crossing points between
the ionization rates of the two individual processes. Numerical results for the total ionization rate and for
the angular distribution of the photoelectrons as a function of the phase δ are presented for frequencies
located in the vicinity of the atomic resonances corresponding to the absorption of two laser photons.

PACS. 32.80.Rm Multiphoton ionization and excitation to highly excited states (e.g., Rydberg states) –
32.80.Fb Photoionization of atoms and ions

1 Introduction

Multiphoton processes due to the simultaneous interaction
with two or more fields of commensurate frequencies have
been studied recently. The enhancement or decrement of
the photoelectron spectra, of the high order harmonic gen-
eration yields, of the transition rates in molecules or semi-
conductors can be coherently controlled by varying both,
the relative phase and the relative intensity of the har-
monic field with respect to the fundamental [1].

A number of experimental [2–8] and theoretical [9–12]
works investigated the interaction of an atom with a
bichromatic electromagnetic field containing a fundamen-
tal frequency ω and its third harmonic 3ω. One of the
reported results [8] refers to the modulation of the to-
tal ionization rate through quantum interference between
a nonresonant three-photon ionization by the fundamen-
tal of a Nd:YAG laser and a single photon ionization by
its third harmonic for sodium atoms initially prepared in
the 3P1/2 excited state by the radiation of a dye laser.
Other experiments [3] demonstrate the possibility of mea-
suring the changes in the relative phase δ between the two
commensurate laser fields. The experiment shows the in-
terference between the single and three-photon processes
corresponding to the 6s−6p transition induced in atomic
mercury by a 185 nm and 554 nm laser beam. Refer-
ence [12] analyses a combination of phase and intensity
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control of integral and differential above-threshold ioniza-
tion rates for first three ATI peaks. The first peak, as-
sociated with the two-photon paths involving the same l
states, is leading mainly to integral control. The other two
peaks, reached by interfering quantum paths involving dif-
ferent l states, are leading mainly to differential control.
Figure 3 of this reference emphasizes the directional sepa-
ration of one ATI peak from another, and the diversion of
the alignment away from the light polarization direction.

There were experiments reported [13–15] in which the
suppression of ionization through the 6s state of xenon
by a destructive interference between the absorption of
three fundamental photons of an IR laser and the reab-
sorption of the resonantly generated third harmonic was
emphasized, when the laser was tuned in the vicinity of the
three-photon resonance with the 6s state. The cancellation
of four-photon resonances by interference between the ab-
sorption of three photons of the fundamental and one third
harmonic photon was investigated by Elk, Lambropoulos
and Tang [16].

The aim of this paper is to study the 1s state of a
hydrogen atom interacting with an electromagnetic field
consisting of the fundamental laser radiation and of its
third harmonic. We investigate the ionization processes
leading to photoelectrons of energy E = E1 + 3~ω (E1

the ground state energy) in the particular case in which
the absorption of two laser photons is not sufficient for
ionization. We consider intensities for which the ampli-
tude of the single-photon absorption yields a significant
contribution to the amplitude of the ionization process.
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In the vicinity of the two-photon resonances, the contin-
uum state of energy E can be reached by two main inter-
fering paths:

(i) by three-photon absorption from the laser field;
(ii) by single-photon absorption of its harmonic.

We assume that the three-photon two-colour processes
can be neglected close to these resonances.

In perturbation theory, using a nonrelativistic descrip-
tion, the calculations presented in Section 2 are done
within the dipole approximation. The calculations are
based on the analytic expression for the three-photon 1s-
continuum matrix element derived previously [17] and al-
ready used in the study of the two-colour three-photon
ionization of hydrogen [18]. Our numerical results for the
total ionization rate and for the angular distribution of
the photoelectrons are discussed in Section 3.

2 Basic equations

We consider a hydrogen atom in its ground state interact-
ing with an electromagnetic field described by the time-
dependent vector potential

A(t) =
1
2

[
A0Leiωt +A0Hei(3ωt+δ)

]
s + c.c.

We have denoted by ω the fundamental frequency of the
laser. A0L and A0H are the amplitudes of the vector po-
tentials of the laser and its harmonic, respectively, and δ
stands for the relative phase of the third harmonic with
respect to the fundamental. The two fields have identical
polarizations sL = sH = s, with the polarization vector s
normalized such that s · s∗ = 1. We work in the velocity
gauge, using the dipole approximation, and we treat the
interaction with the bichromatic field as a perturbation.

In LOPT (lowest-order perturbation theory) for the
transition from the ground state to the continuum of en-
ergy E = E1 + 3~ω, we can associate one diagram of the
first order in the fine structure constant α and ten dia-
grams of the third order in α. One of these ten diagrams
corresponds to the absorption of three identical photons
of the laser, the other nine represent the radiative correc-
tions to the absorption of one harmonic photon [19]. The
amplitude of the above process of third order is propor-
tional to(

eA0L

2me

)3
[
TL +

A0H

A0L
TC +

(
A0H

A0L

)3

T ′C

]
,

with e the electron charge and me its mass. The ampli-
tude TL corresponds to the absorption of three photons
of the laser, while TC and T ′C refer to the radiative cor-
rections due to the laser and the harmonic, respectively.
We choose an intensity regime for which the rate of single-
photon absorption has its largest value. In this regime, the
ratio A0H/A0L fulfils the condition

A0H

A0L
=

1
3

√
IH
IL

< 10−2.

a b
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ω

Fig. 1. Shows the leading diagrams associated with the process
of ionization of the hydrogen atom, initially in its ground state,
by the net absorption of the energy 3~ω in the bichromatic field
composed of a laser source and its third harmonic.

Here we denoted the intensity of the laser and of the har-
monic by IL and IH, respectively. For the above intensity
ratio, close to the two-photon resonance, we can neglect
the correction terms. Hence, the continuum state of en-
ergy E = E1 + 3~ω can be reached by the two interfering
paths presented in Figure 1:

(a) the single-photon absorption of the harmonic;
(b) the three-photon absorption from the fundamental

laser field.

Correspondingly, the time-dependent perturbation
theory for the ionization amplitude of the process shown
in Figure 1 leads to

M = −2πi
eA0L

2me

{
A0H

A0L
e−iδTH +

(
eA0L

2me

)2

TL

}
· (1)

In the present paper, the subscripts “L” and “H” will al-
ways refer to the laser field and its harmonic, respectively.
The amplitude TH of the single-photon absorption (the
first diagram (a) of Fig. 1) is given by the expression

TH = F (n · s) ,

F =
2
√

2
π

η5/2eπη/2
Γ (2− iη)
(1 + η2)2

(
iη − 1
iη + 1

)iη

, (2)

where n = p/p denotes the direction of the photoelectron
momentum p and η = (αmec) /p with c being the velocity
of the light.

The other amplitude TL corresponds to the dia-
gram (b). It is constructed from the third-order tensor
with Cartesian components

Πijk(Ω′,Ω) = 〈E − |PiGc(Ω′)PjGc(Ω)Pk|E1〉, (3)

where P is the momentum operator, Gc the Coulomb re-
solvent operator and |E−〉 and |E1〉 are the final contin-
uum (incoming) and initial ground state energy eigenvec-
tors of the electron, respectively. The eigenvector |E−〉
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is normalized in the energy and solid angle scales. The
parameters Ω and Ω′, relevant for our case, are

Ω = E1 + ~ω, Ω′ = E1 + 2~ω. (4)

As was shown in references [17,18], the third-order ten-
sor (3) can be expressed in terms of three invariant am-
plitudes A, B and C by

Πijk = Υ [Aniδjk +B(njδki + nkδij) + Cninjnk]. (5)

The quantity Υ is explicitly given by Υ =
√
me(αc)−2.

The amplitudes A, B and C are scalars, depending on
Ω, Ω′ and E only, and for our choice of normalization
of |E−〉 they are dimensionless. They were derived previ-
ously [17,18] as a sequence of terms which are products of
a hypergeometric Gauss function 2F1 and a sum of sev-
eral Appell functions F1 [20]. Finally, the amplitude TL is
given by

TL = n · s
[
(A+ 2B) (s)2 + C (n · s)2

]
. (6)

In the absence of the harmonic field, the continuum state
of energy E = E1 + 3~ω is reached through three pho-
tons absorption. The differential rate of the three-photon
ionization of the ground state hydrogen is given by the
expression

dΓL

dΩ
= K

1
k6

(
IL
I0

)3

|TL|2, (7)

where K = (2παc) /a0, with a0 denoting the Bohr radius,
and k ≡ ~ω/|E1| is the energy of the laser photon mea-
sured in Rydberg, where I0 denotes the atomic unit for the
radiation intensity. After integration over the directions of
the ejected electron, the total rate for three-photon ion-
ization reads

ΓL =
4πK
3k6

(
IL
I0

)3(
|S|2 +

12
175
|C|2

)
, (8)

with

S = A+ 2B +
3
5
C. (9)

On the other hand, if only the harmonic field is present,
the differential rate dΓH/dΩ and the total rate ΓH of the
corresponding photoelectric effect are given by

dΓH

dΩ
=
K

9
1
k2

IH
I0
|TH|2, (10)

ΓH =
4πK
27

1
k2

IH
I0
|F|2. (11)

Finally, for the coherent superposition of the laser field
and its third harmonic, the differential rate of ionization
to the continuum state of energy E = E1 + 3~ω is given
by the expression

dΓ
dΩ

=
dΓH

dΩ
+

dΓL
dΩ

+ 2

√
dΓH

dΩ
dΓL

dΩ
cos [δ + arg TL − argTH] , (12)

where exp(i arg TL) = TL/|TL| and similarly for argTH.
The last term in equation (12) is the relevant interference
term. According to (2, 6, 7, 10), the above differential rate
gets modulated by the over-all factor |n · s|2.

The interference effects are much better illustrated by
the total rate, found to be

Γ = ΓL + ΓH

+
6
k2

IL
I0

√
IL
IH
ΓH

∣∣∣∣ SF
∣∣∣∣ cos (δ + argS − argF) , (13)

where the interference and geometrical effects do not get
mixed. The last term in the equation (13) is again the
interference term. The total rate has a maximum for a
phase difference δ = argF−argS, and a minimum for δ =
π+argF−argS. We expect significant interference effects
for those laser frequencies for which the two independent
rates ΓL (8) and ΓH (11) are approximately equal.

3 Numerical results

We present results for the ionization of the hydrogen
ground state by a bichromatic field of frequencies ω and 3ω
leading to photoelectrons of the energy of E = E1 + 3~ω.
The two components of the field are weak and have iden-
tical linear polarizations. The cases discussed here refer to
the situation in which the absorption of two laser photons
is not sufficient for ionization: 2~ω < |E1| < 3~ω. In gen-
eral, if the intensities of the two components satisfy the
condition

γ =
IL
IH

(
IL
I0

)2

< 10−4, (14)

the rate for single photon absorption is larger than the one
for three-photon absorption, except for those frequency
domains which are the closest to the resonances of the
latter process. In the vicinity of two-photon resonances,
where 2~ω ' En−E1 with n ≥ 2, the continuum state can
be reached by the two competing paths shown in Figure 1.
The other contributions, due to two-colour three-photon
processes, are negligible. In this frequency domain we eval-
uated the Appell hypergeometric functions entering the
amplitudes A, B and C through their series expansions as
in reference [18].

The first set of results (Figs. 2a–2c) show the three-
photon ionization rate ΓL (dotted curve) and the single-
photon ionization rate ΓH (chain curve) as a function of
the laser wavelength λ in the region between 190 and
260 nm. Both curves are scaled by the harmonic inten-
sity IH. We have chosen three pairs of intensities such that
γ = 10−4, 10−5, 10−6. More precisely, we have IL/IH =
104, IL/I0 = 10−4 in Figures 2a and 2d, IL/IH = 103,
IL/I0 = 10−4 in Figures 2b and 2e and IL/IH = 104,
IL/I0 = 10−5 in Figures 2c and 2f. In the panels (a), (b)
and (c), the curves showing three-photon ionization rates
present three peaks related to atomic resonances given by
two-photon virtual excitation of the intermediate state.
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Fig. 2. (a) Presents the total three-photon ionization rate ΓL/IH (dotted curve) and single-photon ionization rate ΓH/IH (chain
curve), each divided by the intensity of the harmonic field, as function of the laser wavelength λ for identical linear polarizations
and IL/IH = 104, IL/I0 = 10−4. (b) The same as in (a) for IL/IH = 103, IL/I0 = 10−4. (c) Like in (a) for IL/IH = 104,
IL/I0 = 10−5. (d) The total photoionization rate (13) in the bichromatic field as function of the laser wavelength λ for two
values of the phase difference δ = 0◦ (full curve) and δ = 180◦ (broken curve) and intensity ratios: IL/IH = 104, IL/I0 = 10−4.
(e) The same as in (d) for equal intensities as in (b). (f) The same as in (d) for equal intensities as in (c).
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Fig. 3. Shows the phase-dependence of the two-colour
ionization rate Γ/IH for IL/I0 = 10−4, laser wavelength λ =
203.2 nm and several values of the intensity ratios IL/IH =:
102 (full curve), 103 (broken curve) and 104 (chain curve).

The resonance at λ = 243.1 nm is due to the interme-
diate state 2s, while each of the other two resonances,
λ = 205.3 nm and λ = 194.5 nm are due to two interme-
diate states ns, nd with n = 3 and n = 4, respectively.
The plotted quantities are multiplied by a factor 1015. The
parameter γ has decreasing values: it is 10−4 in panel (a),
10−5 in panel (b) and 10−6 in panel (c), leading to a down-
ward shift of the dotted curve for three photon ioniza-
tion. Strong interference effects are expected for that laser
wavelength which corresponds to the crossing points be-
tween three-photon ionization rate, ΓL, and single-photon
ionization rate ΓH. The other three (Figs. 2d–2f) show the
wavelength dependence of the photoionization rate (13)
for two values of the relative phase: δ = 0◦ (full curve) and
δ = 180◦ (broken curve). In panel (d) the interference ef-
fect is rather small for λ = 243.1 nm. Indeed, close to this
resonance there are no crossing points between the two
curves in panel (a) for γ = 10−4. On the contrary, for the
same wavelength, striking interference effects are present
in panel (f). The crossing points related to the other two
resonances are too close to each other in panel (c), leading
to minor interferences.

Figure 3 illustrates the phase-dependence of the two-
colour total ionization rate (13) normalized with respect
to IH, for the laser wavelength λ = 203.2 nm. For the
intensities chosen in Figures 2a and 2b this wavelength
is close to the crossing point near the resonance λ =
205.3 nm. One can see that for a given value of the laser
intensity the interference effects also depend on the rela-
tive intensity IH/IL. The data plotted in Figure 3 belong
to the same laser field IL = 10−4I0 but to three differ-
ent values of the relative intensity, namely IL/IH = 102

(full curve), IL/IH = 103 (broken curve) and IL/IH = 104

(chain curve). We mention that the last two curves refer
to the intensities used in panels 2b and 2a, respectively.
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Fig. 4. Demonstrates the influence of the laser wavelength
on the phase-dependence of the two-colour ionization rate for
IL/IH = 104, IL/I0 = 10−5 and two values of λ =: 240.6 nm
(full curve), 245.6 nm (broken curve).

The strongest interference effects (where the ratio between
the maximum and the minimum of Γ/IH is the largest)
are obtained for IL/IH = 104 in agreement with a direct
comparison between Figures 2d and 2e.

The influence of the laser wavelength on the phase-
dependence of the ionization rate (13) is shown in Fig-
ure 4. In this figure we chose IL/IH = 104, IL/I0 = 10−5

(γ = 10−6) and two values of λ: 240.6 nm (full curve),
245.6 nm (broken curve). This situation corresponds to
the graphs 2c and 2f. The first wavelength is close to the
crossing point situated before the resonance at 243.1 nm
and the latter is near the crossing point located after the
resonance. At δ = 180◦ the interference effects are con-
structive for λ = 240.6 nm, while for λ = 245.6 nm they
are destructive.

In Figure 5 we present the angular distribution given
by equation (12) as polar diagrams, for IL/IH = 104,
IL/I0 = 10−4, λ = 194 nm and three values of the phase
difference δ: 0◦ (full curve), 90◦ (broken curve) and 180◦
(chain curve). The wavelength chosen is located in the
vicinity of the crossing point situated before the reso-
nance 194.5 nm (see panel 2a). The polarization vectors
are linear, identical and determine the z-axis. In this case
n · s = cos θ, where θ is the angle between the direction of
the ejected electron and the z-axis. In our Figure 5, the
polarization axis is depicted by the horizontal line. The
polar diagrams present two zeros at 90◦ and 270◦ because
of the over-all cos2 θ factor in the expression (12). Their
magnitude and shape are strongly influenced by the phase
difference δ. As expected, for δ = 180◦, the magnitude of
the lobes is largest. It should be noted that for the value of
the intensity parameter chosen in this figure (γ = 10−4),
the lobes and implicitly the differential ionization rate are
aligned about the polarization direction represented here
by horizontal line.
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Fig. 5. Presents the angular distribution of the differential
rates (12) as polar diagrams, for IL/IH = 104, IL/I0 = 10−4,
λ = 194 nm and three values of the phase difference δ =:
0◦ (full curve), 90◦ (broken curve) and 180◦ (chain curve).
The polar angle θ is measured from the horizontal line that
represents the polarization axis.

In order to check the ability of this perturbative ap-
proach to predict intensity and phase control of alignment
away from the polarization direction we evaluate the dif-
ferential ionization rate for γ = 10−5 and the same laser
wavelength as in Figure 5. The data are plotted in Fig-
ure 6 for δ = 0◦ (full curve), δ = 40◦ (long-broken curve)
and δ = 90◦ (short-broken curve). The differential rates
have a fourfold symmetry: the polarization and propaga-
tion directions of the laser represent symmetry axes of
our polar graphs. At δ = 0◦ we observe four side lobes
whose magnitude grows with the increasing of δ. Simul-
taneously, the magnitude of the lobes aligned along the
polarization vector decreases. At δ = 40◦ the side lobes
are the only prominent ones, those aligned along the po-
larization vector are extinct. The side lobes are aligned
along the θ = 53◦ and θ = 127◦, respectively. The con-
tribution of the “side lobes” remains important even at
δ = 90◦ leading to broad angular distribution. A compar-
ison between our Figures 5 and 6 reveals that a particular
combination of the field intensities and phase difference
changes the alignment of the differential ionization rate.
A similar effect was shown previously in Figure 3 of the
reference [12] for a different set of parameters.

4 Summary

We have investigated the ionization of a hydrogen atom
from its ground state interacting simultaneously with a
laser field and its third harmonic. The transition to a

0.1

0.05

0

0.05

0.1

Fig. 6. Same as Figure 5 but for IL/IH = 103, IL/I0 = 10−4.
The three values of the phase difference δ are 0◦ (full curve),
40◦ (long-broken curve) and 90◦ (short-broken curve).

continuum state of energy corresponding to the net ab-
sorption of the energy 3~ω is discussed only. Using time-
dependent perturbation theory, the calculation is per-
formed in the dipole approximation and in the velocity
gauge. We were interested in the present investigation in
those intensity regimes for which the amplitude of the
single-photon absorption has a significant contribution as
compared with the three-photon absorption process. The
interference effects are expected to dominate near the two-
photon resonances. In this case the continuum state can
be reached by two main paths:

(i) the three-photon absorption from the fundamental
laser field;

(ii) the single-photon absorption from the harmonic field.

The numerical results illustrate the strong dependence
of the total ionization rate and of the angular distribu-
tion of the differential ionization rates on the phase differ-
ence δ, on the relative intensity IL/IH of the laser field and
its harmonic and on the laser frequency ω. For a particular
combination of the fields intensities and of the harmonic
phase with respect to the fundamental, the differential
ionization rate can be diverted away from the polariza-
tion direction.

The numerical calculations were performed on the workstation
HP-715 of the Computer Center of the Quantum and Statis-
tical Physics Group (Bucharest-Magurele), a donation of the
SOROS Foundation. The authors are grateful to V. Florescu
for useful discussions, encouragements and criticism of this
work.
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